We show that the idea of Gauge-Higgs unification(GHU) can be rescued from the constraint of weak mixing angle by introducing localized brane kinetic terms in higher dimensional GHU models with bulk and simple gauge groups. We find that those terms lead to a ratio between Higgs and W boson masses, which is a little bit deviated from the one derived in the standard model. From numerical analysis, we find that the current lower bound on the Higgs mass tends to prefer to exceptional groups E 6, 7, 8 rather than other groups like SU (3l), SO(2n + 1), G 2 , and F 4 in 6-dimensional (D) GHU models irrespective of the compactification scales. For the compactification scale below 1 TeV, the Higgs masses in 6D GHU models with SU (3l), SO(2n + 1), G 2 , and F 4 groups are predicted to be less than the current lower bound unless a model parameter responsible for re-scaling SU (2) gauge coupling is taken to be unnaturally large enough. To see how the situation is changed in more higher dimensional GHU model, we take 7D S 3 /Z 2 and 8D T 4 /Z 2 models. It turns out from our numerical analysis that these higher dimensional GHU models with gauge groups except for E 6 can lead to the Higgs boson whose masses are predicted to be above the current lower bound only for the compatification scale above 1 TeV without taking unnaturally large value of the model parameter, whereas the Higgs masses in the GHU models with E 6 are compatible with the current lower bound even for the compatification scale below 1 TeV.
I. INTRODUCTION
Much attention has been drawn to the hierarchy problem associated with Higgs boson at the quantum level. Many interesting models including supersymmetric standard model [1] and extra dimensional models [2] have been proposed on the way to solve it. The Higgs field, the only undiscovered piece of the SM, whose discovery is anticipated to be just round the corner would provide us with an essential guide to probe possible solutions of the hierarcy problem as well as the origin of mass generation. From a new philosophical point of view, the Gauge-Higgs unification(GHU) models [3] have nowadays drawn renewed attention among extra dimensional models as one interesting alternative solution of the hierarchy problem and the origin of the electroweak symmetry breaking(EWSB). In the GHU scheme, the Higgs field can be identified as an internal component of a higher dimensional gauge field of a group involving electroweak gauge group, and thus the disastrous quadratic divergences associated with the Higgs field are not generated due to the higher dimensional gauge symmetry. In addition, the EWSB can nicely be accomplished by suitable boundary conditions on orbifold and/or quantum fluctuation using Wilson loop on non-simply connected extra dimensional space called Hosotani mechanism [4] .
In spite of such nice features, as shown by Aranda and Wudka [5, 6] , any GHU models with bulk (and simple) gauge symmetry can not predict correct weak mixing angle θ W (∼ π/6), so called the Weinberg angle, measured from experiments. Except for the weak mixing angle, the GHU models are consistent with other low-energy data. To remedy this serious problem in the GHU models, three categories of the solutions have been proposed; 1. adding the localized brane kinetic terms [7] , 2. incorporating (anomalous) additional U(1) gauge symmetry [8] , 3. imposing violation of higher dimensional Lorentz symmetry SO(1, 4) [9] .
In this paper, we consider the first possibility to resolve the problem for the weak mixing angle, and particularly show how the correct value of the weak mixing angle can be obtained without substantial modification of the models by re-scaling SU(2) and U(1) couplings, respectively. We obtain a little bit modified ratio between Higgs scalar and W boson masses, compared with that predicted in the SM, and the Higgs mass is shown to be predicted as a function of a model parameter which is responsible for re-scaling of SU(2) gauge coupling for the values of the weak mixing angle and W boson mass taken to be their experimental values.
The paper is organized as follows. In section II, we briefly introduce a toy SU(3) model in order to see how the brane kinetic terms in GHU models affect the gauge couplings of SU(2) and U(1). In section III, we present several experimental constraints with which the GHU models should be satisfied and we show which GHU models can be phenomenologically viable and investigate the effects of brane kinetic terms in those models. We also estimate the Higgs mass in several specific extra dimensions for given compactification scales, and derive the ratio between the Higgs scalar and W boson masses in terms of the mixing angle and two model parameters responsible for re-scaling SU(2) and U(1) gauge couplings. In section IV, we discuss our numerical results and conclude this paper with some implication.
II. 5-DIMENSIONAL SU(3) GAUGE-HIGGS UNIFICATION MODEL WITH BRANE KINETIC TERMS AS A TOY MODEL
In this section, we investigate the effects of brane kinetic terms in 5-dimensional(D)
gauge-Higgs unification model with SU(3) gauge symmetry as a toy model [10] . Let us begin by considering a lagrangian with a higher dimensional SU(3) gauge symmetry on a S 1 /Z 2 orbifold in 5 dimensions without brane kinetic terms,
where
Here, Latin indices are used to denote 5-dimensional(D) space-time coordinate, for instance M = 0,1,2,3,5, whereas Greek indices represent usual 4D space-time, µ = 0,1,2,3, and here upper index a indicates a group index. The gauge symmetry G = SU(3) is broken down to subgroup H = SU(2) W × U(1) Y due to orbifold boundary conditions imposed to the gauge fields at around 1/R compactification scale with a projection matrix P = diag(−1, −1, +1),
where all A µ and A 5 fields are Lie-algebra valued functions of
, and λ a are
Gell-Mann matrices.
The components of the A µ corresponding to zero modes with their generators are given by,
where the superscript (0) of A µ means zero modes. Similarly, the A 5 is given by the following form,
Let us focus on the 5D Lagrangian corresponding to the zero modes,
where we have used the fact that the fundamental domain of orbifold is [0, πR], and many
can be ignored by taking thin brane approximation and thanks to the properties of fields under orbifold projection [11] . After integrating out 5D space, the 5D lagrangian becomes
where Z 2 0 ≡ πR, and the factor contains the length (or area or volume in more higher dimension) of the fundamental domain. Re-scaling the zero mode of the 4D gauge field,
µ , and comparing the 4D effective lagrangian with normal 4D lagrangian for gauge subgroup H, we can obtain the relation between 4D and 5D gauge coupling constants,
Now we introduce the brane kinetic terms in the 5D lagrangian,
where a and b represent the generators of SU(2) and U(1) gauge group respectively, that is, a = 1, 2, 3 and b = 8. Then, the new effective 4D Lagrangian of SU(2) gauge part is given
After re-scaling followed by the same way shown above, we obtain a little bit different relation compared to the previous one,
where we introduced a new constant factor Z 1 like usual renormalization constant in the last equality. Similarly, we can also derive a relation between two gauge couplings for U (1) part as follows,
and each Z i is given by
It is worthwhile to notice that those brane kinetic terms can modify each gauge coupling of SU (2) and U(1) by the re-scaling of the gauge fields. In fact, the numerical factor √ 3
comes from the structure constant of SU (3), and in general we can calculate this important number by using group theoretic analysis depending on symmetry breaking patterns of given models. Finally the 4D effective Lagrangian is written by
Therefore, we can identify g 4 / √ Z 1 as the gauge coupling g of SU(2) and √ 3 g 4 / √ Z 2 as the gauge coupling g ′ of U(1). The weak mixing angle is then presented by
In the case of c 1 = c 2 = 0 (namely, Z 1 = Z 2 = 1), the value of tan θ W becomes √ 3 which is one of the well-known results for the SU(3) GHU model.
Before ending up this section, we shortly give a comment on two problems existed in the 5D SU(3) GHU model. First, since any Higgs potential can not be generated at tree level due to the higher dimensional gauge symmetry and absence of the quartic couplings, a mechanism should be contrived to construct suitable Higgs potential. Second, even though some mechanisms work correctly to generate it, the size of the quantum corrections may not be enough to generate a few hundred GeV scale of top quark and the Higgs scalar masses.
In the next sections, we will show how those two problems can be naturally solved when we extend space-time to 6 dimensions(or more higher dimensions) in the GHU scheme.
III. PHENOMENOLOGICALLY VIABLE GAUGE-HIGGS UNIFICATION MOD-ELS
A.
Basic setup of GHU models and conventions of Lie algebra
We consider general GHU models with arbitrary gauge group G defined by 4+n space time, M 3,1 × (R n /Γ), with usual 4D Minkowskian manifold M 3,1 and a discrete group Γ acting on extra dimension R n , whose Lagrangian is given by [5, 6] ,
Here, we assume that the actions of 4+n dimensional gauge field A M,a under Γ operations on R n behave as follows;
where γ ≡ {r|l}, γ ∈ Γ, r and l represent rotation and translation vectors, respectively.
In order for the Lagrangian to be invariant under general operations including reflection, rotation, translation on extra compactified spaces, the matrices V must satisfy following properties:
Since there exist two eigenvalues (+1 or −1) of V under orbifold projection {−1|0}, we can divide all operators into two types, P corresponding to the eigenvalue +1 and N corresponding to -1.
It is also known that the zero modes of A µ and A 5 that should have Neumann boundary conditions under the translation,
From these relations, we see that the zero modes of A µ and A 5 have the eigenvalue +1 under the above translation. Combining this operator with the orbifold projection, we introduce two operators P + and N + with the index + implying eigenvalue +1 for the above translation.
Then, the commutation relations [5] among generators are given by
where R is a set of remaining generators of G. For a 5D SU(3) toy model on an orbifold
Now we present Lie algebra and its conventions in a specific canonical basis satisfying
where C is a vector of Cartan generators (or sometimes C i is denoted as a component of a Cartan generator), and E β is a root generator corresponding raising or lowering operator, and N β,γ are structure constants. Note that the structure constants in this basis are not totally symmetric. The roots of given original bulk gauge group G denoted by α from now on can be chosen as generators of the SU (2), whereas the generator of hypercharge Y can be a linear combination of Cartan generators denoted by y · C. Then, we obtain the following relations,
B. Weak mixing angle and Higgs mass in phenomenologically viable GHU models
In order for GHU models to be phenomenologically viable, the following four requirements should be satisfied [6] ; (1) all simple roots should be either isodoublets or isosinglets, (2) all isosinglets should have zero hypercharge, (3) all isodoublets should have the same nonzero hypercharge, (4) fermion representations with hypercharge 1/6 should be contained.
Note that among these requirements, the fourth one reflects the spirit of the grand unified theories. Henceforth, we will only concentrate on the GHU models which can satisfy above four requirements. When we consider those, it is sufficient to deal with simple roots only since we can always transform the root to one specific simple root among other simple roots by using suitable permutation and inversions of some axes. Now, let us consider the general forms of the mass matrix of vector-boson divided by two types corresponding to two generators P + and N + ,
Here, A n is a field corresponding to extra spatial components, and the φ fields correspond to 4D scalars. Using Eq.(25), the term
Supposing that the 4D scalar gets a vacuum expectation value from the effective potential and usingŷ · β = 1/2 and s = α · β/|α| 2 = −1/2, the form of Eq. (26) is rewritten as
and the weak mixing angle is given by
Let us now consider the effect of the brane kinetic terms in the general case. As learnt from the SU(3) toy model described in the previous section, these brane kinetic terms we introduced can shift the coupling constants of SU(2) and U(1) in the same way. Re-scaling the gauge coupling constants, the term leading to the Higgs mass is written by
and the weak mixing relation is given by
Similar to the case of 5D SU(3) toy model, the weak mixing angle is largely deviated from the experimental result (tan θ exp W ∼ 1/ √ 3) even in the case of c 1 = c 2 = 0 in any gauge group except for E 6 and E 8 as can be seen in Table. I. In the GHU models, it is difficult to remedy this problem by incorporating the warped space time like RS1 [13] mainly due to the flat profiles corresponding zero modes as the SM gauge bosons before the EWSB. Until now there have been two more well-known prescriptions to cure the probelm besides introducing the brane kinetic terms; one is to use non-simple Lie group like a product group, 
For a given group theoretic numerical factor, the values of c 1 and c 2 should be chosen to be consistent with the present experiment value of the weak mixing angle. The correlations between c 1 and c 2 in 6D SU(3) and E 6 GHU models on S 2 /Z 2 are shown in Fig. 1 . In the figure, the straight, dashed and dotted lines correspond to the compactification scale M C to be 5, 10 and 20 TeV, respectively. We take tan θ W = 0.535601 as the experimental value [15] .
One can easy see from Fig. 1 that the slope of the lines for E 6 is steeper than that for SU (3) because the predicted value of tan θ W ( 3/5) in E 6 is smaller than that ( √ 3) in SU(3), and the slopes of the lines are independent of the volume factor. The volume factors only change the value of c 2 depending on the scale M C , as can be seen in both panels. Especially, the bottom panel shows that the scale dependence of the lines disappears for M C 10 TeV in the case of E 6 .
Finally, let us draw our attention to the Higgs mass. We assume that the Higgs potential is given by
As is well known, there are two methods for the Higgs scalar to get its mass. One is to use
Wilson loops along extra dimensions. Especially, when the extra dimensional manifold is not simply connected, that is, Π 1 (K) = e, the Wilson loop gets additional phases and the 4D fluctuations of the phase become the Higgs field. However, one-loop generated Higgs mass is in general too small, even smaller than W boson mass in this case. The other is to consider 6D theory with background fields. In this case, the quartic coupling of the Higgs scalar is naturally generated from higher dimensional non-Abelian gauge group, for instance, tr(F can be generated by the interaction between the original gauge field and background fields,
. Note that the Higgs mass in latter case can be large enough because the terms in the Higgs potentail are generated at the tree level unlike the former case. So we necessarily consider the 6D models and even more higher dimensional models from now on.
After the Higgs scalar gets vacuum expectation value, < |H| >= v, we can easily calculate the masses of Higgs and W boson, M H = √ 2µ = √ 2λv and M W = gv/2, respectively.
Thanks to the gauge kinetic terms, the ratio between the Higgs and W boson masses is given by
where we have taked the quartic coupling λ to be equal to g 2 /2 [19] . It is worthwhile to notice that the above relation is almost independent of how the µ term generates and the exact magnitude of the VEV. In addition, extension to higher dimensional space does not affect the relation itself. It is only sufficient to trace gauge group breaking pattern from one simple group at the high energy to the SM gauge groups at the low energy, and estimate a simple volume factor of fundamental domain of the orbifolds. Since Z 1 (or c 1 ) is written in term of Z 2 (or c 2 ) by
the ratio given in Eq. (33) is rewritten by
From the fact that all gauge couplings come from one gauge coupling in higher dimension, one can see why the ratio only depends on one variable c 2 . Thus, one can easily achieve the experimental value of weak mixing angle by adjusting those two parameters (c 1 , c 2 )
appropriately.
IV. NUMERICAL RESULTS AND CONCLUDING REMARKS
We make numerical analysis in the GHU models with phenomenologically viable simple Lie groups satisfying four low energy constraints given in the previous section whose simple root α and member y of Cartan subalgebra correspond to the SM gauge groups SU(2) and U(1), respectively [5] . The numerical results for the weak mixing angle as well as the Higgs mass are presented in Table I . In the numerical calculation, we take M W = 80.399 GeV and sin 2 θ exp = 0.22292 as inputs.
[20] As can be seen from Table I , the Higgs masses are predicted to be below the current lower bound the 114.4 GeV [16] in the case of c 2 = 0 for all groups.
For a given gauge group, we can estimate the Higgs mass as a function of c 2 by fixing the compactification scale M C , the structure of orbifold, and their dimension of extra space.
In Figs.2 and 3 , we plot the Higgs mass as a function of c 2 for several allowed groups and three different compactification scales (M C ) in 6 D GHU models with S 2 /Z 2 and T 2 /Z 3 orbifold structure, respectively. In the upper panel of Fig.2 , we see that most values of the Higgs mass predicted for M C = 1 TeV in E 6 lie above the current experimental lower bound on the Higgs mass, 114 GeV, whereas c 2 10 is required for obtaining the Higgs masses consistent with the current lower bound in other exceptional groups E 7, 8 . We also found that other groups like SU(3l), SO(2n + 1), G 2 , and F 4 can not lead to the Higgs mass consistent with the current lower bound unless c 2 is taken to be very large. As can be seen from the middle and lower panels of Fig.2 , the situation can be substantially recast as M C gets increased. For M C = 10 TeV, we see that most predictions of the Higgs mass in all groups under consideration are consistent with the current lower bound. Similarly, Fig. 3 shows similar behaviors as in the previous case of S 2 /Z 2 . In this case we choose N = 3 as a specific example for the orbifold T 2 /Z N because of the fact that the mod-out number N is related to the number of the Higgs doublet, for instance, there exist only two doublets for N=2, only one doublet for N=3, and one doublet or no doublet for N=4,6 in a 6D torus case [17] . It is necessary to notice that only difference between Fig.1 and 2 is their different slopes of curves along with the scale M C and the structure of orbifold. The reason why the slope of curve depends on the scale M C is that it becomes larger and larger as M C get increased, as can be seen from Eqs. (35) and (36) . The slope also strongly depends on the volume factor Z 2 0 of higher dimensional space and tan θ W calculated by purely group theoretical analysis after breaking the original gauge group,
Note that the slopes of the curves do not depend on some details in high energy physics.
In Table II, Therefore, any 8 D GHU models with M c = 1 TeV cannot simultaneously accommodate the weak mixing angle and the Higgs mass coming from experiments without taking very large value of c 2 which looks rather unnatural. Consequently, we can conclude that rather large value of M C is necessarily demanded to accommodate the current experimental data in higher-dimensional GHU models.
In summary, we have shown that the measured value of the weak mixing angle can be achieved by introducing the brane kinetic terms in GHU models. Interesting points that we found from our numerical results are as follows;
• A modified relation between the Higgs and W boson masses is derived.
• The current lower bound on the Higgs mass tends to favor exceptional groups E 6, 7, 8 than other SU(3l), SO(2n + 1), G 2 , and F 4 groups irrespective of the compactification scale M C . The largest Higgs mass above the lower bound is achieved in E 6 among all groups we consider.
• The predictions of the Higgs masses in the models for SU(3l), SO(2n + 1), G 2 , and F 4 groups can be consistent with the curent lower bound only when M C is higher than 1
TeV and c 2 is taken to be unnaturally large value. • For higher dimensional models such as 7D S 3 /Z 2 and 8D T 4 /Z 2 , it is possible to get the Higgs mass consistent with the current lower bound without taking unnaturally large value of c 2 as long as M C is taken to be higher than 1 TeV.
Interestingly enough, the higher rank E 6 GHU model can be a remnant of one fundamental theory like the string theory whose gauge structure is E 8 ×E 8 at very high energy scale, since 
